A transient finite-difference wave envelope formulation is presented for sound propagation, without steady flow. Before the finite difference equations are formulated, the governing wave equation is first transformed to a form whose solution tends not to oscillate along the propagation direction. This transformation reduces the required number of grid points by an order of magnitude. Physically, the transformed pressure represents the amplitude of the conventional sound wave. The derivation for the wave envelope transient wave equation and appropriate boundary conditions are presented as well as the difference equations and stability requirements. To illustrate the method, example solutions are presented for sound propagation in a straight hard-wall duct and in a twodimensional straight soft-wall duct. The numerical results are in good agreement with exact analytical results. Nomenclature a m' b m' c m' cell coefficients (table I) d m' e m' f m' 9 m' J m' k m' c
A transient finite-difference wave envelope formulation is presented for sound propagation, without steady flow. Before the finite difference equations are formulated, the governing wave equation is first transformed to a form whose solution tends not to oscillate along the propagation direction. This transformation reduces the required number of grid points by an order of magnitude. Physically, the transformed pressure represents the amplitude of the conventional sound wave. The derivation for the wave envelope transient wave equation and appropriate boundary conditions are presented as well as the difference equations and stability requirements. To illustrate the method, example solutions are presented for sound propagation in a straight hard-wall duct and in a twodimensional straight soft-wall duct. The numerical results are in good agreement with exact analytical results. number of transverse grid points length of duct, m .dimensionless pressure ( p */P 0 C 0 J dimensionless wave envelope pressure, P(x,y,t) period, 1/f*, s dimensionless time, t*/T* time step dimensionless axial particle velocity wave envelope axial particle velocity dimensionless transverse particle velocity dimensionless axial coordinate, x*/H* axial grid spacing dimensionless traverse coordinate, y*/H* transverse grid spacing "Steady-state" finite difference and finite element theories-*-^ have been developed to study sound propagation in free space and in complex duct; with axial variations in cross-sectional area, wall liner impedance (absorbers) and with gradients in flow Mach number. In the "steady state" theory, the pressure and acoustic velocities are assumed to be simple harmonic functions of time; thus, the equations governing sound propagation (linearized gas dynamic equations' (pg. 5) become independent of time. Generally the "steady state" finite difference and finite element numerical algorithms have been limited to low frequencies and short ducts, because many grid points or elements were required to resolve the axial wave length of sound and because of the large matrices associated with the solution of time independent equations.
In many practical situations something (a suppressor's impedance or a turboprop 1 s blade geometry) needs to be optimized in some manner to obtain the maximum sound power reduction. . In the optimization process, hundreds of calculations are often required to determine the desired configurations. Therefore, any significant reduction in the number of grid points or elements in a numerical analysis will reduce the cost of obtaining the desired optimization.
Beginning in 1974, Baumeister^"^ developed a wave envelope concept which was used to significantly reduce (two orders of magnitude) the number of grid points associated with the "steady state" solution of high frequency sound propagation in ducts. This concept involved a transformation of the wave equation into a form whose solution does not oscillate in the axial direction. The use of the wave envelope theory' drastically cut the computer costs associated with the optimization of multi-segmented liners. Nayfeh and Kaiser"'^ extended the method for sound propagation in nonuniform ducts and with sheared flow. Astley and Eversman 1^ applied the wave envelope approach very successfully in finite element duct sound transmission studies. Finally, these same authors 11 made a very significant extension of the wave envelope concept to describe simultaneously the induct propagation of sound in a turbofan nacelle and its subsequent far field radiation pattern. Consequently, numerical techniques can now be employed to study sound propagation in both the internal and far field regions of a duct provided the sound frequency is reasonably low.
N In order to further reduce computer storage and run times, as an alternate to the "steadystate" theories, time dependent numerical solutions were developed by Baumeister 12 " 14 for harmonic sound propagation in ducts. The transient formulation generally uses a time marching solution to the wave equation; consequently, the matrix storage requirements inherent in the "steady state" formulation are completely eliminated in the time dependent analysis. Only the solution vectors for pressures and velocities need be stored. By eliminating the large matrix storage requirements, numerical calculations for higher frequency sound are now possible.
The time dependent theory has also been applied to forms of the inhomogeneous wave equation by Maestrello, Bayliss and Turkel 15 and BaumeisterlS. White 1 ' has extended the transient theory by means of a mapping to variable area ducts. The simultaneous calculation of induct and the far field associated with a turbofan engine and an unflanged cylindrical duct has been calculated by White 1 ** and Hariharan and Bayliss 1 ', respectively.
Considering the grid point reduction of the previously discussed wave envelope theory and the elimination of matrix storage by the transient solution formulation, a logical extension would be to combine both theories. In principal, the computer storage requirements could now be reduced many orders of magnitude over previous theories making possible calculations with higher frequencies of three-dimensional fields.
To combine the theories, the wave envelope transient wave equation arid appropriate boundary conditions will first be derived. The theories will be presented for a two-dimensional soft-wall duct without mean flow. Next, the complete set of difference equations and stability requirements will.be presented. Finally, sample calculations are presented for plane wave propagation in a hardwalled straight duct and for the attenuation provided by a two-dimensional soft-walled duct.
Grid Point Problem
The propagation of sound in a duct is described by the wave equation and appropriate source and impedance boundary conditions. The wave equation in a two-dimensional rectangular duct can be expressed in dimensionless form as: a2p +4 CD ay The "steady state" version of this wave equation assumes P is proportional to e 1u such that the left-hand side is replaced by (i<o/c) 2 P. Therefore, as mentioned in the introduction, the "steady state" form of Eq. (1) is independent of time.
The usual notation for pressure, distance coordinates and speed of sound are used. These and other symbols are defined in the nomenclature. Here, the dimensionless speed of sound C and the dimensionless frequency n are defined as (2) The asterisks denote dimensional quantities.
In a finite difference numerical analysis of the wave equation, the continuous acoustic field is lumped into a series of grid points ( Fig. 1 ). Next, the wave equation is expressed in difference form. The difference equations are then solved by a time marching process to obtain the pressure at each grid point. Obviously, the more grid points required in a solution the greater the computer storage and run times. 
The finite-difference approximation_for the "steady state" acoustic pressure in a semi-infinite hardwall duct 12 and the analytical solution (Eq. (3)) are presented in Fig. 2 for x greater than 0 and less than 1. By a series of numerical experiments, the number of axial grid points, I, necessary to obtain pressure profiles, velocity and intensities accurate to about 4 percent were determined to be I = 12 n (L*/H*) +• 1
Thus, for the case of unit frequency (n = 1.) and unit duct length to height ratio (L*/H* = 1) shown in Fig. 2 , 13 grid points were necessary to describe adequately the sinusoidal form of the spatial pressure dependence. If the frequency or length is doubled, clearly twice as many points will be required to describe the wave, since two wave lengths of sound must be resolved. The total grid points will be the product of I and the number of grid points J in the transverse direction.
Next, a concept is considered which eliminates the direct dependency of the number of axial grid points on "n and L'*/H*.
Wave Envelope Equation
Consider the example case of a soft-wall duct with an L*/H* of 3 and an inlet plane wave with a dimensionless frequency n equal to 1. A typical pressure (real part) profile in a suppressor duct is shown in Fig. 3 by the heavy solid line, while the dashed lines represent the envelope of the solid pressure wave amplitude. The pressure amplitude decreases in the axial direction down the length of the duct because of acoustic energy dissipation at the suppressor wall. However, the basic axial variation of the pressure is similar to that in a hard-wall duct. Thus, the number of grid points (open circles in Fig. 3 ) still depends on frequency n and the dimensionless duct length L*/H* (Eq. (4)).
From Eq. (4), the number of grid points I needed would be about 37. However, if the basic wave equation could be transformed so .that it would describe the envelope (dashed lines) of the pressure rather than the pressure wave itself, the 37 point requirement could be greatly reduced. As shown in Fig. 3 , five points are used to describe the pressure envelope.
The assumption is now made that the pressure P(x,y,t) can be separated into the following
where p(x,y,t) represents the envelope of the pressure wave as shown by the dashed line in Fig 
In free filed applications, the axial wave length x* is known. Thus, the use of the wave envelope concept is relatively straightforward. However, in soft-wall ducts where multi-modal propagation occurs, the axial wave length x* is not known precisely; therefore, the problem of picking n to exactly define the wave length must be considered. In the "steady-state" wave envelope solution presented 5 , x* in the soft-wall duct was assumed equal to x* for a plane wave in a hard-: wall duct. This assumption was found to yield excellent results in the "steady-state" wave length solution. Therefore, the same assumption will be used here in the solution of Eq. (7).
As shown in Ref. 5 (Fig. 4) , it is necessary only to pick a value of x* or ( n + ) in the vi-, cinity of the average wave length to get large savings in the grid points required for a finitedifference analysis. Therefore, for a plane wave . source as considered herein, n + will be assumed to equal n-In a problem where the source might be some higher order mode, n + would be assumed to be a value associated with that mode.
Governing Equations and Boundary Conditions
Besides the wave envelope Eq. (7), the equations for the acoustic velocity, soft-wall boundary conditions, and acoustic intensity are required to obtain an expression for the attenuation of a softwall duct. These equations are now presented.
Linearized Momentum Equation
In the absence of mean flow, the x and y dimensionless momentum equations can be written as 
Wall Boundary Condition
In the transverse direction, the acoustic impedance at the wall shown in Fig. 1 is defined as the ratio of pressure to the transverse velocity z* P V
Substituting Eq. (12) into Eq. (9) 
ay c at Equation (14) sets the pressure gradient along the upper and lower walls.
Exit Impedance
In a manner similar to the wall impedance, the axial impedance at the.duct exit can be defined as P(L*/H*. y.t) U(L*/H*, y,t) 
For the plane wave propagation to be considered herein, $ e is taken as 1, which is exact for plane wave propagation in an infinite hard-wall duct. Also choosing te to be 1 has lead to close agreement between numerical and analytical results for plane wave propagation into a soft-wall duct^.
Entrance Condition
The boundary condition at the source plane P(o,y,t) allows for transverse variations in pressure; however, as mentioned earlier, the numerical technique will be compared later to previous solutions in which the pressure and acoustic velocities were assumed tQ be plane waves at the entrance and to vary as e 1^" *. Therefore, the source boundary condition used here is
For times equal or less than zero, the duct is assumed quiescent, that is, the acoustic pressure and velocities are taken to be zero. For times greater than zero, the application of the noise source (e.g., Eq. (18)) will drive the pressures in the duct.
Acoustic Intensity
The sound power that leaves a duct and reaches the far field is related to the time-averaged acoustic intensity, defined as
x ( ) where the bar represents the complex conjugate.
The total dimensionless acoustic power is the integral of the intensity across the test section Ex = I x (x,y) dy (20) represented by the usual central differences i timp and <;nflr.p^">^l time and space 
Next, the difference form of these equations will be presented.
Difference Equations
Instead of a continuous solution for pressure in space and time, the finite-difference approximations will determine the pressure at isolated grid points in space as shown in Fig. 1 and at discrete time steps At. Starting from the known initial conditions at t = 0 and the boundary conditions, the finite difference algorithm will march out the solution to later times. The development for the algorithm that applies to each cell in Fig. 1 will now be discussed.
Central Region (Cell 1)
Away from the duct boundaries, in cell 1 of Fig. 1 , the first and second derivatives in the wave envelope equation (e.g., Eq. (7)) can be Y = (2nAt n /n)
Equation (24) is an algorithm which permits marching-out solutions from known values of pressure at times associated with k and k-1. The procedure is explicit since all the past values of P k are known as the new values of k+1 are computed. For the special case at t = o, the values of the pressure associated with the k-1 value are zero from the assumed initial condition.
Boundary Condition (Cells 2 to 6)
The expression for the difference equations at the wall boundaries are complicated by the impedance conditions and the change in geometry of the cells 2 to 6 in Fig. 1 . The governing difference equations can be developed by an integration process in which the wave envelope equation (e.g., Eq. (9)) is integrated over the area of the cells and time. The procedure for the temporal and 
where the values of the coefficients a m , b m , etc. for the various cells are listed in Table I . In particular, substituting the values of the coefficients for cell 1 in Table I into Eq. (28) will reproduce Eq. (24).
Stability
In the explicit time marching approach used here, round-off errors can grow in an unbounded fashion and destroy the solution if the time increment At is taken too large. The von Neumann method is often used to study the stability of the difference approximations to the wave equation. 
"Steady State"
Recall, at the start of the numerical calculation, the acoustic pressures and velocities were assumed zero throughout the duct and a pressure source begins a harmonic oscillation at x = o for t > o. The transient numerical calculation must be started and continued in time until the initial acoustic transient has died out. This subject has been treated extensively 1 '.
For plane wave propagation, as shown in these references, the transient solution for pressure equals the "steadystate" Fourier transform solution when t > n (L*/H*) Axial Velocity and Intensity (30)
The axial velocity (Eq. (10)), acoustic intensity (Eq. (19) ), and the sound attenuation (Eq. (21)] can be quite easily expressed in difference fornr~°. In these cases, the pressure and velocity are now assumed to be at "steady state" condition and are now functions of Eq. (10) becomes or a i2irt Thus,
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The intensity, (Eq. (19) ), can be written as i2irt (31)
,,,>
where the bar over p represents the complex conjugate.
Next, the total dimensionless power is determined according to Eq. (20) LAST-1 (34) j=2 and finally the attenuation is AdB = 10 Iog 10 (-ll (35) E l i Sample Calculations
In two sample problems to follow, the timedependent wave envelope results will be compared to closed form analytical' solutions. First, the simple case of plane waves propagating down a hardwall one-dimensional duct is presented. This case allows comparison of the numerical and analytical pressure profiles down the length of the duct. The second example compares the numerical and analytical predictions of the attenuation in a soft-wall two-dimensional duct.
One-Dimensional Hard-Wall Duct
Numerical and analytical values of the pressure were computed for the special case of a hardwall duct with a L*/H* of 1, n of 1 and an inlet plane wave. The analytical value from Eq. (5) yields
As seen in Fig. 4 , the agreement between the numerical and analytical results is reasonable. A comparison with Fig. 2 indicates the essential differences between the transformed numerical solution and the conventional numerical solution for the same problem.
Two-Dimensional Soft-Wal.1 Duct
As another example of the transient wave envelope formulation, the noise attenuation at the optimum point (point of maximum attenuation in the impedance plane) is now calculated for a twodimensional duct with L*/H* values varying between 0.5 and 6 and input plane waves with dimen-5. sionless frequencies n of 1, 2, and 5. This range of dimensionless parameters essentially covers the practical range of application to turbojet exhaust suppressors.
For a plane entrance pressure profile the closed form analytical results show that the values of specific acoustic wall impedance c associated with the optimum impedance used in the numerical . 6. analysis were determined from the analytical techniques 23 ' 24 and are listed in Table II. The numerically calculated attenuations are compared to the corresponding analytical 7. results 23 ' 24 which are applicable to infinite ducts. The numerical results (symbols) and the analytical results (lines) for the maximum attenuation are shown in Fig. 5 . The analytical and 8. numerical results are in very good agreement. A slight deviation occurred at the very high attenuation associated with the low frequency case n = 1 at L*/H* of 4. For the low frequency case, it is suggested that more points be employed. 9:
Based on the wave envelope concept, the numerical calculations shown in Fig. 5 used 30 grid points in the axial direction. For n = 5 and L*/H* = 6, the standard finite difference technique 10. required 360 grid points, according to Eq. (5). Thus, for a J = 10, the total number of grid points has been reduced from 3600 to 300 when the wave envelope concept is employed. This represents an order of magnitude savings in computer storage and computational time.
11.
Concluding Remarks
Transient finite difference solutions using the wave envelope concept are presented for plane 12. wave sound propagation in a one-dimensional hardwall duct and a two-dimensional soft-wall duct for zero Mach number. The results show the numerical procedure to be in agreement with the corresponding exact analytical results.
13.
The wave envelope approach to the numerical problem reduces the number of grid points in the difference solution by an order of magnitude compared to the conventional difference technique. Table III shows the large reduction in computer 14. storage requirements by employing both the transient and wave envelope techniques as compared to the conventional "steady-state" theory. Clearly, numerical solutions for acoustic propagation in complex ducts can now be determined with reasonable 15. storage and computational times. 
